Abstract. The multi-measures model applied to cosmology has been recently shown to reproduce qualitatively the expected stages of the Universe evolution, along with some unexpected features. In this article, we continue its exploration with a detailed study of the effective potential of the model. An analysis of the limits of applicability of the effective potential show that during most of the Universe evolution, the effective potential is a very good approximation of the actual potential term. There is, however, a deviation between the two occurring in the earliest moments of the evolution, which has an important role on the behavior of the inflaton scalar field. In the studied cases, during this initial time, the inflaton is increasing in absolute value, which seems consistent with "climbing up" the effective potential. To investigate this behavior, we use numerical integration to find the numerical potential and we show that during the early stage of the evolution, the shape of the numerical potential is very different from that of the effective one and instead of a left plateau followed by steep slope, one observes only a slope with additional local maximum and minimum. This result demonstrates that for complicated equations of motion of the inflaton, one should not rely only on the notion of kinetic and effective potential terms to describe the problem as they may not be accurate in the entire numerical domain.
INTRODUCTION
The two-mesures model has been developed in series of works by Guendelman, Nissimov and Pacheva 1, 2, 3, 4, 5, 6, 7, 8, 9 and it aims to describe the evolution of the Universe in an unified way -from the early inflation needed to solve the well-known cosmological problems 10, 11, 12 to the graceful exit to the radiation and matter domination period and the following late-time inflation. Also, it is able to describe the dark matter content of the Universe trough a dust contribution to the energy-momentum tensor. The distinguishing feature of this theory of modified gravity is that its action features two or more independent volume-forms, one of which is the standard Riemmanian volume form and the other -new metric-independent non-Riemannian volume form. While the introduction of the new non-Riemannian volume forms adds only purely-gauge degrees of freedom to the theory, and their effect is felt only through the ratio of the Riemannian and non-Riemannian measures, when coupled to scalar fields, it leads to many interesting features of the theory, such as inducing a hidden symmetry, unifying dark matter and dark energy into a dark fluid, producing a dynamically generated cosmological constant, etc. For full description and further applications, see the cited above articles.
In our past works, 13, 14, 15 we have performed numerical study on different modifications of the model. First in 13, 14 we have considered a model in which the action is coupled to one scalar field -the darkon, and we have been able to fit numerically the parameters of the model, with the data from the Supernova Type 1a. Then, in, 14, 15 we expanded this work with a model consisting of two scalar fields -the darkon and the inflaton coupled to the action. For certain values of the parameters, this model is able to describe a Universe undergoing 3 stages -early inflation, radiationmatter domination and slow late-time inflation. It featured also an early ultra-relativistic period due to the singularity in the equations of motion and a non-zero final value of the inflaton scalar field. We also observed that in one of the considered cases, the slow-roll parameters didn't correspond to the expected during the early-inflation phase.
In this article, we study in detail the peculiarities of the effective potential in the multi-measures model featuring darkon and inflaton scalar fields. First, we study the inflaton equation and the limit in which it can be simplified to the standard form of the equation of motion of the inflaton. We show that this can happen only in one of the considered cases. In the other, such simplification is not possible due to terms depending onφ(t) 2 which cannot be neglected. In this case also we observe strong dependence on the darkon field. Second, we study numerically the applicability of the analytical limits in both cases. We show that the numerical potential term differs from the derivative of the effective potential only in a short period after the beginning of the integration. After this period, the effective potential is a very good approximation of the potential term of the inflaton equation. Finally, we investigate the observed numerically increase of the absolute value of the inflaton. In order to explain this phenomenon, we integrate numerically the potential term to recover the potential during the time period when the theoretical and numerical terms do not coincide. We discover that the potential in that period has significantly different shape from the theoretically expected oneinstead of a plateau, followed by steep slope, it has only a slope, with additional local maximum and minimum. This new shape suggests that instead of "climibing up the potential", as the effective potential definition suggests, the inflaton rolls down a slope with local maximum affecting the rate of the inflation and its duration. It also demonstrates that in the case of complicated inflaton equations of motion, one cannot use only the notion of kinetic and potential terms to explain the behavior of the inflaton, because of the terms proportional to the darkon field and its velocity, which do not fit the standard theory.
The equations of motion
The analytical and numerical details on the model have been presented already in, 15 so here we will outline only the equations needed for the discussion of the effective potential.
In the Friedman-Lemaitre-Robertson-Walker metric the variation of the complete action S with respect to darkon and inflaton fields and the first Friedman equation lead to the following system of two coupled differential equations and one cubic equation for the two scalar fields -the inflaton φ and the darkon u :
where a(t) is the scale factor, U(φ) = f 2 e −2αφ , V(φ) = f 1 e −αφ and the φ subscript denotes derivative with respect to φ. The parameters M 0 , M 1 , M 2 and χ 2 are dynamically generated integration constants, where χ 2 is dimensionless and
The parameters of the cubic equation are:
The energy density is:
As outlined in, 15 the cubic equation always has at least one real root, which can be used to integrate numerically the coupled system of differential equations (1-3).
The effective potential
As shown in, 9 after transitioning to "Einstein-frame" the model possesses effective Lagrangian of the generalized k-essence type with "effective potential" depending only on inflaton field φ of the form:
The asymptotic of the left plateau is
and asymptotic of the right plateau is
. For certain parameters, U e f f (φ) takes the form of two plateaus, the left higher than the right one, separated by a steep slope.
It is important to note that the effective potential has been obtained under the assumption that the scalar fields are static, i.e. they don't depend on the spacetime. As it is emphasized in, 9 the transformed darkon scalar fieldũ is no longer static in Einstein frame. Since we rely on the effective potential to track the movement of the inflaton, we would like to know how good the approximation of the effective potential is and when it breaks down.
We start by writing the inflaton equation in the form:
where
. From here on, we will omit writing explicitly φ(t) as it is assumed everywhere that the inflaton φ and the darkon v depend only on time. The dot denotes derivative with respect to time, the prime -derivative with respect to φ.
If one uses the slow-roll approximation (neglecting the terms ∼φ 2 ,φ 3 ,φ 4 and A(t)), equation (5) simplifies to:φ
One can see that even in this simplified form, the potential term does not match the derivative with respect to φ of the effective potential, i.e. W(φ) U ′ e f f . Furthermore, our numerical results show that there is no reason to ignore the above-mentioned terms, because they are not small in general, especially during early inflation.
The next step is to move out of the slow-roll approximation and instead to consider the following two limits of the inflaton equation (5):
In both cases, the velocity of the darkon plays a significant role. In order to make an analytical estimation, we use the asymptotic values of v(t) for p u → 0 (i.e. we remove the dependence on a(t) in v):
If v pb = v p (b 0 → 0), the connection with the effective potential becomes clear:
The derivative of the effective potential with respect to φ written in terms of the effective potential and the velocity v pb becomes:
Then, in the limit v → v pb , the equations reduce to:
One can see that even in this limit, in Case 1, the equation retains its complicated form, most notably, its explicit dependence on v andv, replaced here with dependence on U e f f and U ′ e f f to emphasize that this effect is related to thė φ 2 term. Furthermore, even if we were able to ignore these terms, the potential term will still remain modified by the factor 1/v(t) 2 A(t). In Case 2, however, we were able to significantly simplify the inflaton equation and put it into what we call the standard form for the equation of motion of the inflaton.
The limit v → v pb seems very restricting and not realistic, but it elucidates the connection between the stipulated effective potential (4) and the inflaton equation. To examine the relevance of the limits to the actual numerical solution, we continue with a numerical study of the equation.
Numerical study of the inflaton equation
The system (1-3) has 12 free parameters:
, plus the choices for initial value of the variables a(0), φ(0) andφ(0). For the reasoning behind the choice of the parameters, the reader is referred to 15 where the numerical details have been explained in detail.
In 13 we have considered two cases for the parameters:
For those parameters, we recall that we have early inflation for t = 0.017 − 0.460 in Case 1, and for t = 0.015 − 0.662 in Case 2 and that in both cases, the late inflation starts at t = 0.71.
In order to make the connection with the cases examined in the previous section, we use the numerical integration of the full system to evaluate the term A(t)v 2 (t) in both cases. The results are shown on Fig. 1 , where the solid lines correspond to this term. One can see that in Case 1, this term remains >> 1 until almost the end of the early inflation, while in Case 2, it remains << 1 during the whole evolution. For this reason, one can accept that the analytical cases considered in the previous section (Equations 7 and 8) correspond to the numerical cases considered here, at least until the end of the early inflation. In Case 1, however, we cannot assume that v → v pb , since b 0 ∼ 10 −2 , χ 2 → 1. Therefore, it seems not possible to put Equation (7) in the standard form Equation (12) with a simple transformation. To eliminate the possibility that this is due to a problem of symbolic simplification, we analyze all of the terms of Equation (5):
using the actual solutions of the full system. From Figure 1 one can see that indeed, during early inflation, for Case 1 all the terms are big (T 1 , T 2 , T 3 , T 4 >> 0), while for Case 2, all the terms are small (T 1 , T 2 , T 3 , T 4 → 0). This once again confirms that for Case 2, the approximation (12) indeed works during the whole evolution, except for the singularity in the beginning.
On Figure 2 we demonstrate how the Hubble parameter H, the darkon v(t) and the velocity of the darkonv(t) change with time. As discussed in, 15 Case 2 differs from Case 1 in the length of early inflation -it is considerably longer than for Case 1. Physically one expects extremely short initial inflation. Finding values of the parameters for which that happens, however, has so far proven very difficult and is beyond the scope of current work.
It is clear that in both cases, one cannot neglect the darkon field or its velocity (Figure 2 b ) and c)), especially during early inflation, when their values are big. Another interesting feature related to the darkon is that it tends to a constant during the late inflation (i.e. when φ → const), as one would expect during the current, dark-energy dominated epoch.
On Figure 3 , we compare the last term in Equation 5, i.e. T 5 = W(φ), with the derivative of the effective potential U ′ e f f . One can see that in both cases, the two curves differ only around the initial singularity and in Case 2, they coincide almost entirely after some time. In Case 1, they differ slightly during the whole period, which confirms that the effective potential is only approximately correct. Still, this figures shows that except during the ultra-relativistic period and the early stages of the initial inflation, effectively W(φ) ≈ U ′ e f f . We would consider the effect of the initial deviation in the next section. 
FIGURE 2: Using the same parameters in Figure 1 , where solid corresponds to Case 1 and dashed to Case 2, we display the Hubble parameter H, the darkon field v(t) and its first derivativev(t) .
Before looking into the movement of the inflaton across the effective potential, we would like to discuss further the slow-roll approximation. We have seen in 15 that both Case 1 and 2 reproduce the 3 significant stages of the Universe -early inflation, matter-radiation domination and late inflation. Also both of them have initial ultra-relativistic regime. What we have observed, however, is that if one uses the slow-roll parameters to prove inflation, the two cases behave differently. Namely, in Case 1, the slow-roll parameters during early inflation are not much less than 1, as expected from the slow-roll regime, but in Case 2 they are. While there are inflation theories generalizing the slow-roll regime (namely the constant roll inflation 16, 17, 18 ), the situation here differs because the equations of motion and the effective potential follow from the Lagrangian of the theory and they can be fine-tuned only trough the choice of parameters. One can expect that the effective potential being only approximate will affect the slow-roll parameters only in their so called potential definition. For this reason in, 15 we use their kinematic definitions:
However, even the kinematic definitions are not entirely free of the assumption that one works with a particular form of the inflaton equation. While the definition of ǫ: (¨a (t)
is purely kinematic and measures the "exponentiality" of a(t), the definition of η coming from the requirementφ(t) << 3Hφ implies that one assumes the standard form for the inflaton equation (12) . In Case 1, however, one cannot obtain such standard form during early inflation, because of the additional term 2˙v
. For this reason, the parameter η is not well suited for proving inflation and may show deviations when the contribution of the additional term is strong.
Finally, one shouldn't forget that in the considered cases, one cannot assumeφ → 0 during early inflation, even though we useφ(0) = 0. This is because the velocity of the inflaton is not a free parameter as we discuss below. For this reason, one should not neglect terms proportional to it.
The motion of the inflaton
A novel feature can be observed if one examines the evolution of the inflaton scalar field φ numerically. We see that the beginning of the early inflation coincides with the inflaton increasing its absolute value, which if one accepts the effective potential to be exact, should be interpreted as the inflaton climbing up the slope (because the integration starts on the slope). Here we focus mostly on Case 2, since the effect is much more emphasized. It is, however, also present in Case 1, pointing to a parameter-independent effect.
First we check how the system reacts to changes in the values of φ(0) andφ(0). On Figure 4 a) we have plotted what happens with the inflaton field φ if we deviate up or down the slope from φ(0) = −18, i.e. we use as initial value φ(0) = −17.9 and φ(0) = −18.1 (note the effective potential is the same since we are not changing other parameters). One can see the clear increase in |φ(t)| in the the 3 cases. Figure 4 b) shows the second derivative of the scale factor for the 3 cases from Figure 4 a). One sees that the higher |φ(0)|, the longer and stronger initial inflation one observes. Note here, since it is a logarithmic plot, we have cut the negative part of the scale factor corresponding to both ultra-relativistic matter and radiation-matter domination.
On Figure 4 , c) we have plotted the effect of changing the initial velocity of the inflaton, i.e.φ(0) = 0, ±10 4 . The effect on φ(t) is minimal, while the effect onφ(t) is more visible. One needs not to forget, however, that the only normalized solution is the main one (the solid line). For this reason, the deviation from the default solution both in terms of φ(0) orφ(0) lead to the corresponding changes in the zeros ofä(t), such as the one shown on it changes the timing of the 3 stages of the Universe evolution and thus it breaks the normalization (a(1) = 1). From this figure, however, becomes clear thatφ(t) is not a free parameter but it is connected trough the equation of state (the cubic equation) with a(t) and φ(t).
Because the equation (5) possesses a singularity for t = 0, we check whether the behavior of the inflaton may be due to the initial singularity by comparing the time-scales of the early inflation and the movement "up the slope". We see that the inflaton increases in absolute value until t = [0.0443, 0.0537, 0.0627] for φ(0) = [−17.9, −18, −18.1] respectively, while the early inflation kicks in at t = [0.0147, 0.0145, 0.0144]. This means that the inflaton field has still not reached its maximal absolute value when the inflation starts, i.e. this effect starts during the ultra-relativistic regime, but it becomes maximal during early inflation which is considered to be a physical regime. The time-period in which φ reaches its maximal value, however, is during the time-interval where U ′ e f f T 5 (see Fig 3 b) ). Thus any reference to the effective potential cannot be entirely trusted.
In summary we observe that:
1. Independent of the value of φ(0), there is a period for which φ increases in absolute value -i.e. it climbs up the slope of the effective potential 2. This effect becomes more pronounced the more we increase in absolute value φ(0) 3. The effect does not depend onφ(0). That is to say that this effect is not connected with the inflaton gaining kinetic energy so that it can climb the slope. 4. The time during which this happens puts it in the interval when the effective potential is not a good approximation of the potential term.
From those observation it seems that the effective potential cannot be trusted entirely with respect to the effect of "climbing up the slope". To put some light on it, we attempt to reconstruct the effective potential U num e f f from T 5 trough the means of numerical integration. We do that based on the assumption that the effective potential from equation (4) is an approximation to T 5 (φ)dφ, which seems to be confirmed by the nice coincidence between the two at most of the times. Because the function T 5 is not explicit function of only φ, we use numerical integration of the data points [φ(t i ), T 5 (t i )]. To do that we use a modified Simpson's rule 20 adapted to work in Maple, using 1000 datapoints, which seems sufficient to cover well the interval. The constant of integration has been determined by comparing the numerirical potential and the effective one at late times.
The preliminary results are plotted on Figure 5 . On Figure 5 a) we illustrate the so-called "climibing up the slope", using the effective potentials (Equation 4) for Case 1 and 2. The crosses on each one show the moments t = 0, 1, 2, the diamonds mark the maximal value of φ(t). While in Case 1, this point is just slightly above the initial cross, in Case 2, it seems to reach the plateau of the potential, which is a zone that we have ruled out as nonphysical in. 15 On Figure 5 b ) and c) we have plotted the reconstructed numerically from T 5 potential. One can see that while the two potentials coincide at later times (or their corresponding φ), there is a serious deviation between the effective potential and the numerical potential during early times. While the interval in t where T 5 U ′ e f f is very small, the interval in φ is much larger because φ changes significantly in this time-interval. Furthermore, the shape of the potential term (solid line on the plots) is much more complicated than the theoretical one (dashed line), it does not posses a left plateau at all and instead it is extended in a non-trivial way. It shows that there is no "climbing up the potential" but instead, the potential has a complicated form with a local maximum and minimum over which the inflaton is rolling down. One can see also that in Case 1, the "added" part of the potential is much lower than the one in Case 2 and the local maximum (i.e. the point where the numerical potential meets the effective one) is higher. One can connect the shorter and weaker initial inflation in Case 1 with that particular shape of the potential (in Case 1, the inflaton has to go trough a potential well, starting from a much lower point, while in Case 2, it starts from much higher and the potential well is almost not existing).
Despite this numerical result being very interesting, one needs to emphasize that describing the behaviour of the system in terms of classical quantities like the potential and the kinetic terms is difficult, because the inflaton equation (5) during the earliest time, has much more complicated form than the standard equation of motion (12) , with strong dependence on both the darkon and the inflaton and their velocities. For this reason, the so presented numerical results have to be further investigated analytically.
CONCLUSION
We have presented some novel properties of the multi-measure model with two scalar fields -the inflaton and the darkon. We have studied the areas of validity of the effective potential approximation and we have shown, that only in one of the studied cases the inflaton equation can be reduced to the standard form of equation of motion of the inflaton featuring kinetic and potential term. In the general case, it is not possible to simplify significantly the equation and thus the traditional description of the motion of the inflaton as rolling down a steep potential may be flawed.
We have numerically studied the potential term and we have shown that after some moment in time, the effective potential indeed a very good approximation of the potential term of the inflaton equation and the only deviation is seen during the early times of the integration.
We have also demonstrated a new property of the evolution of the system -namely, an inflaton increasing its absolute value (or the so called "climbing up the effective potential"). This new property allows for constant-rate inflation and allows us to overcome the problem of weak exponentiality during early inflation. To investigate it further, we have numerically reconstructed the effective potential from the actual potential term and we have seen that in fact, the small deviation during early times, leads to a huge deviation from the expected effective potential as a function of the inflaton field φ. The so-obtained numerical effective potential has additional local maximum and minimum, which may explain why the two considered cases have such different properties. The recovered shape of the potential demonstrates the advantage of using exact numerical methods to supplement analytical approximations, especially when those approximations may not be numerically justified or when it is difficult to gain physical intuition on the problem due to its large parameter-space.
